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Abstract. The effect of weld residual stress on the free vibrational characteristics of cylindrical 
shell is investigated. Motion equations of cylindrical shell with weld residual stress are established 
based on Flügge theory, the interaction between weld residual stress and displacements is 
investigated. The analytical method is applied to calculate the vibrational mode. Weld residual 
stress can induce the variation of free vibrational characteristics. The amplitude mainly effects the 
variation magnitude of natural frequency and mode shape, and the distribution dose on the 
variation trend. 
Keywords: weld residual stress, cylindrical shell, vibrational characteristics, natural frequency, 
mode shape. 
Nomenclature 
ܽ Cylindrical shell radius 
ℎ Cylindrical shell thickness  
݈ Cylindrical shell length 
ݔ Axial direction 
߮ Circumferential direction 
ݎ Radial direction 
ݑ Axial displacement 
ݒ Circumferential displacement 
ݓ Radial displacement 
ݖ Element normal direction 
ߪ௫௥ Axial weld residual stress 
ߪఝ௥  Circumferential weld residual stress 
ߝ௫ Strain at the middle plane in the ݔ axis  
ߝఝ  Strain at the middle plane in the ߮ axis 
௫ܰ௥ Normal forces caused by weld residual stress along the ݔ axis 
ఝܰ௥  Normal forces caused by weld residual stress along the ߮ axis 
௫ܰ,ఝ௥  Projection of the normal force ௫ܰ௥ in the ߮ axis 
௫ܰ,௭௥  Projections of the normal force ௫ܰ௥ in the ݖ axis 
Δ ௫ܰ௥ Variation of ௫ܰ௥ in the ݔ axis 
Δ ௫ܰ,ఝ௥  Variation of ௫ܰ௥ in the ߮ axis 
Δ ௫ܰ,௭௥  Variation of ௫ܰ௥ in the ݖ axis 
Δ ఝܰ,௫௥  Variation of ఝܰ௥  in the ݔ axis 
Δ ఝܰ௥  Variation of ఝܰ௥  in the ߮ axis 
Δ ఝܰ,௭௥  Variation of ఝܰ௥  in the ݖ axis 
௫ܰ Normal force in the ݔ axis caused by the vibration 
ఝܰ௫ Shearing force in the ݔ axis caused by the vibration 
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ఝܰ Normal force in the ߮ axis caused by the vibration 
௫ܰఝ Shearing force in the ߮ axis caused by the vibration 
ܳఝ Normal shearing force acting on the ܱܣ section caused by the vibration 
ܯ௫ Bending moment caused by the vibration around the ݔ axis 
ܯఝ Bending moment caused by the vibration around the ߮ axis 
ܯఝ௫ Twisting moment caused by the vibration around the ݔ axis 
ܯ௫ఝ Twisting moment caused by the vibration around the ߮ axis 
ܳ௫ Normal shearing force acting on the ܱܥ section caused by the vibration 
ߤ Poisson’s ratio 
ߩ Material density 
ݐ Time 
ܥଵ, ܥଶ, ܥଷ Weld residual stress and vibration displacement coupling terms 
1. Introduction 
The welding procedure is widely adopted in the process of submarine assembly and closure. 
During the welding uneven heating will result in weld residual stress, so it exists widely in the 
submarine hull [1, 2]. For the large structure, it is difficult to eliminate it though conventional 
methods. As the basic form of the submarine hull, it is necessary to evaluate the free vibrational 
behavior of the cylindrical shell with weld residual stress in order to prevent resonance fracture 
because of external dynamic loads. 
Many scholars have done much investigations about weld residual stress, it is increasingly 
recognized that weld residual stress has the following characteristics [3-5]: 
1) Weld residual stress includes tension and compression stress, they exist and balance in one 
component at the same time. Without the interference of external factors, weld residual stress will 
maintain stable in a long term. 
2) The stress caused by the external load will overlay weld residual stress. 
3) When the sum of stress caused by external load and weld residual stress exceeds the yield 
limit, plastic deformation will produce in the local area, and the distribution and amplitude of weld 
residual stress will change. 
4) Weld residual stress mostly is in plane stress state, and it uniformly distributes along the 
thickness direction. It varies greatly along the thickness direction only in the thick section weld. 
The research about the effect of weld residual stress on the free vibrational characteristics is 
fewer at present. Gao [6] found that weld residual stress has an influence on the natural frequency 
of the thin plate by experiments. He also proposed the formula of natural frequency of simple 
supported thin plate with weld residual stress [7]. The finite element method [8, 9] is used as a 
solution of vibrational mode of structures with weld residual stress, but it distributes mainly near 
the weld and varies drastically, so elements near the weld need to be divided very finely. For the 
large structure with long weld joints, it will spend lots of time on mesh generation. 
In order to investigate the effect of weld residual stress on the free vibrational characteristics 
of cylindrical shell, the interaction between weld residual stress and displacements is investigated 
and motion equations of cylindrical shell weld residual stress are derived. And the analytical 
method is applied to calculate the vibrational mode. Finally, the effect of weld residual stress on 
the vibrational characteristics is discussed in detail. 
2. Equations of motion 
According to the above features of weld residual stress, the following assumptions are made: 
1) Weld residual stress and the stress caused by vibration satisfy the linear superposition. 
2) The release of weld residual stress does not occur during the vibration. 
3) Weld residual stress maintains perpendicular to the cylindrical shell section during the 
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vibration. 
4) Weld residual stress uniformly distributes along the thickness direction. 
The geometry model of cylindrical shell is shown in Fig. 1. The thickness and radius are 
respectively denoted by ܽ and ℎ, ℎ is considered small in comparison with other dimensions. ݔ, 
߮  and ܴ  respectively represent the axial, circumferential and radial directions. ݑ , ݒ  and ݓ 
respectively represent the axial, circumferential and radial displacements. Weld residual stress is 
generally resolved into two components in previous researches [1], which are respectively 
perpendicular and parallel to the weld joint. Due to the convenience of derivation, it is resolved 
into axial component ߪ௫௥  and circumferential component ߪఝ௥  in the cylindrical coordinate here, 
which are functions of coordinates ݔ and ߮. 
 
Fig. 1. The geometry model of cylindrical shell 
Cut out a element of the shell. The ݖ axis is taken perpendicular to the middle plane and 
positive in a downward direction. Forces acting on the element caused by weld residual stress are 
shown in Fig. 2. ௫ܰ௥ and ఝܰ௥  are normal forces caused by weld residual stress along the ݔ and ߮ 
axes.  
 
Fig. 2. Element body force caused by weld residual stress 
The following will focus on forces caused by weld residual stress during the vibration. The 
element produces the strain due to the vibration, so lengths at distance ݖ from the middle plane on 
OA and OC section become: 
൝݈ை஼
௭ = ൤ܽ + ݖܽ +
ܽ + ݖ
ܽ ൫ߝఝ + ߢఝݖ൯൨ ܽ݀߮,
݈ை஺௭ = (1 + ߝ௫ + ߢ௫ݖ)݀ݔ,
(1)
where ݈஺ை௭  and ݈ை஼௭  respectively denote lengths at distance ݖ from the middle plane on ܱܣ and ܱܥ 
section, ߝ௫  and ߝఝ  are respectively strains at middle plane in the ݔ  and ߮  axes, ߢ௫  and ߢఝ 
respectively denote curvatures parallel to the ݔݖ and ߮ݖ planes.  
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So areas of ܱܣ and ܱܥ section become: 
ە
ۖ
۔
ۖ
ۓܵ௫ = න ݈ை஺௭
௛
ଶ
ି௛ଶ
ܽ݀߮݀ݖ = ℎ(1 + ߝ௫)ܽ݀߮,
ܵఝ = න ݈ை஼௭
௛
ଶ
ି௛ଶ
݀ݔ݀ݖ = ቈℎ൫1 + ߝఝ൯ +
ℎଷߢఝ
12ܽ ቉ ݀ݔ.
 (2)
Flügge [9] proposed that in order to ensure the work done by the weld residual stress is zero, 
the normal force in the ݔ axis during the vibration should be expressed as: 
௫ܰ௥ = ߪ௫௥ܵ௫ = ߪ௫௥ℎ(1 + ߝ௫)ܽ݀߮. (3)
௫ܰ௥ is no longer parallel to the x axis due to the vibration, it rotates around the ߮ and ݖ axes 
(shown in Fig. 3), angles are respectively equal to ∂ݒ ∂ݔ⁄  and ∂ݓ ∂ݔ⁄ . 
 
a) 
 
b) 
Fig. 3. Element body section angle 
So projections of the normal force ௫ܰ௥ in the ߮ and ݖ axes can be expressed as ignoring the 
high order term: 
൞ ௫ܰ,ఝ
௥ = ௫ܰ௥
∂ݒ
∂ݔ = ߪ௫
௥ℎ(1 + ߝ௫)
∂ݒ
∂ݔ ≈ ߪ௫
௥ℎ ∂ݒ∂ݔ ܽ݀߮,
௫ܰ,௭௥ = ௫ܰ௥
∂ݓ
∂ݔ = ߪ௫
௥ℎ(1 + ߝ௫)
∂ݓ
∂ݔ ≈ ߪ௫
௥ℎ ∂ݓ∂ݔ ܽ݀߮,
(4)
where ௫ܰ,ఝ௥  and ௫ܰ,௭௥  respectively denote projections of the normal force ௫ܰ௥ in the ߮ and ݖ axes.  
When the element is static, ௫ܰ௥ which is equal to ߪ௫௥ℎܽ݀߮ is parallel to the ݔ axis, and there is 
no projection in other axes. When the element vibrates, variation of ௫ܰ௥ in three axes are: 
ۖە
۔
ۖۓΔ ௫ܰ
௥ = ߪ௫௥ℎ(1 + ߝ௫)ܽ݀߮ − ߪ௫௥ℎܽ݀߮ = ߪ௫௥ℎߝ௫ܽ݀߮,
Δ ௫ܰ,ఝ௥ = ߪ௫௥ℎ
∂ݒ
∂ݔ ܽ݀߮ − 0 = ߪ௫
௥ℎ ∂ݒ∂ݔ ܽ݀߮,
Δ ௫ܰ,௭௥ = ߪ௫௥ℎ
∂ݓ
∂ݔ ܽ݀߮ − 0 = ߪ௫
௥ℎ ∂ݓ∂ݔ ܽ݀߮,
 (5)
where Δ ௫ܰ௥, Δ ௫ܰ,ఝ௥ , and Δ ௫ܰ,௭௥  respectively denote variations of ௫ܰ௥ in the ݔ, ߮ and ݖ axes. They 
both have the relationship with weld residual stress and displacement, which are called the 
coupling force. 
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Similarly, due to the strain caused by vibration, the normal force along the ߮ axis can be 
expressed as ignoring higher order term: 
ఝܰ௥ = ߪఝ௥ܵఝ = ߪఝ௥ ቈℎ൫1 + ߝఝ൯ +
ℎଷߢఝ
12ܽ ቉ ݀ݔ ≈ ߪఝ
௥ℎ൫1 + ߝఝ൯݀ݔ. (6)
During the vibration, ఝܰ௥  rotates around the ߮  and ݖ  axes (shown in Fig. 4), angles are 
respectively equal to ∂ݑ ܽ ∂߮⁄  and (∂ݓ ∂߮⁄ − ݒ)/ܽ. 
 
a) 
 
b) 
Fig. 4. Element body section angle 
Similarly, when the element is static, ఝܰ௥  equal to ߪఝ௥ℎ݀ݔ is parallel to the ݔ axis, and there is 
no projection in other axes. When the element vibrates, variations of ఝܰ௥  in three axes are: 
ە
ۖ
۔
ۖ
ۓΔ ఝܰ,௫௥ = ߪఝ௥ℎ
∂ݑ
ܽ ∂߮ ݀ݔ − 0 = ߪఝ
௥ℎ ∂ݑܽ ∂߮ ݀ݔ,
Δ ఝܰ௥ = ߪఝ௥ℎ൫1 + ߝఝ൯݀ݔ − ߪఝ௥ℎ݀ݔ = ߪఝ௥ℎߝఝ݀ݔ,
Δ ఝܰ,௭௥ = ߪఝ௥
ℎ
ܽ ൬
∂ݓ
∂߮ − ݒ൰ ݀ݔ − 0 = ߪఝ
௥ ℎ
ܽ ൬
∂ݓ
∂߮ − ݒ൰ ݀ݔ,
 (7)
where Δ ఝܰ,௫௥ , Δ ఝܰ௥  and Δ ఝܰ,௭௥  respectively denote variations of ఝܰ௥  in the ݔ, ߮ and ݖ axes, they are 
also coupling forces. 
Since weld residual stress always remains perpendicular to the shell section and uniformly 
distributes along the thickness direction, it doesn’t produce new couple bending and twisting 
moments.  
Now establish dynamic equilibriums in three axes. Assume that there is no external load acting 
on the cylindrical shell. Besides ௫ܰ and ఝܰ௫ caused by the vibration, there are coupling forces 
Δ ௫ܰ௥ and Δ ௫ܰ,ఝ௥  in the ݔ axis. So the equilibrium in this direction can be expressed as: 
∂ ௫ܰ
∂ݔ +
∂ ఝܰ௫
ܽ ∂߮ +
∂Δ ௫ܰ௥
∂ݔ +
∂Δ ఝܰ,௫௥
ܽ ∂߮ = ߩℎ
∂ଶݑ
∂ݐଶ , (8)
where ௫ܰ  and ఝܰ௫  respectively denote the normal force and shearing force along the ݔ  axis 
caused by the vibration. 
Next establish the equilibrium in the ߮ direction. Besides ௫ܰ, ௫ܰఝ and ܳఝ, there are coupling 
forces Δ ఝܰ௥  and Δ ௫ܰ,ఝ௥ . So the equilibrium in this direction can be expressed as: 
∂ ఝܰ
ܽ ∂߮ +
∂ ௫ܰఝ
∂ݔ +
ܳఝ
ܽ +
∂Δ ఝܰ௥
ܽ ∂߮ +
∂Δ ௫ܰ,ఝ௥
∂ݔ = ߩℎ
∂ଶݒ
∂ݐଶ , (9)
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where ఝܰ  and ௫ܰఝ  respectively denote the normal force and shearing force along the ߮  axis 
caused by the vibration, ܳఝ denote the normal shearing force acting on the ܱܣ section caused by 
the vibration. 
Then establish the equilibrium in the ݖ direction. Besides ܳఝ, ܳ௫ and ఝܰ, there are coupling 
forces Δ ௫ܰ,௭௥  and Δ ఝܰ,௭௥ . So the equilibrium in this direction can be expressed as: 
∂ܳ௫
∂ݔ +
∂ܳఝ
ܽ ∂߮ + ఝܰ +
∂Δ ௫ܰ,௭௥
∂ݔ +
∂Δ ఝܰ,௭௥
ܽ ∂߮ = ߩℎ
∂ଶݓ
∂ݐଶ , (10)
where ܳ௫ denote the normal shearing force acting on the ܱܥ section caused by the vibration. 
Finally establish moment equilibriums in the ݔ and ߮ directions. Because weld residual stress 
doesn’t produce new bending and twisting moment, moment equilibriums can be expressed as 
according to Flügge shell theory [10]: 
∂ܯఝ
ܽ ∂߮ +
∂ܯ௫ఝ
∂ݔ + ܳఝ = 0, (11)
∂ܯ௫
∂ݔ +
∂ܯఝ௫
ܽ݀߮ + ܳ௫ = 0, (12)
where ܯ௫ and ܯఝ respectively are bending moments caused by normal stress around the ݔ and ߮ 
axes, ܯఝ௫ and ܯ௫ఝ respectively are twisting moments caused by shearing stress around the ݔ and 
߮ axes.  
Forces and moments on the element caused by the vibration can be solved by Flügge theory 
[10]. Substitute Eqs. (5), (7), (11) and (12) into Eqs. (8)-(10), then free motion equations of the 
cylindrical shell with weld residual stress are: 
ە
ۖۖ
۔
ۖۖ
ۓܮଵ(ݑ, ݒ, ݓ) + ܥଵ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ =
ߩℎ
ܦ
∂ଶݑ
∂ݐଶ ,
ܮଶ(ݑ, ݒ, ݓ) + ܥଶ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ =
ߩℎ
ܦ
∂ଶݒ
∂ݐଶ ,
ܮଷ(ݑ, ݒ, ݓ) − ܥଷ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ = −
ߩℎ
ܦ
∂ଶݓ
∂ݐଶ ,
 (13)
where ߩ  is the material density, ܦ = ܧℎଷ 12(1 − ߤଶ)⁄ , ܧ  is the Young’s modulus, ߤ  is the 
Poisson’s ratio and: 
ܮଵ(ݑ, ݒ, ݓ) =
12
ℎଶ
∂ଶݑ
∂ݔଶ +
6(1 − ߤ)
ܽଶℎଶ
∂ଶݑ
∂߮ଶ +
1 − ߤ
2ܽସ
∂ଶݑ
∂߮ଶ +
6(1 + ߤ)
ܽℎଶ
∂ଶݒ
∂ݔ ∂߮ +
12ߤ
ܽℎଶ
∂ݓ
∂ݔ  
      − ∂
ଷݓ
ܽ ∂ݔଷ +
1 − ߤ
2ܽଷ
∂ଷݓ
∂ݔ ∂߮ଶ, 
ܮଶ(ݑ, ݒ, ݓ) =
6(1 + ߤ)
ܽℎଶ
∂ଶݑ
∂߮ ∂ݔ +
12
ܽଶℎଶ
∂ଶݒ
∂߮ଶ +
6(1 − ߤ)
ℎଶ
∂ଶݒ
∂ݔଶ +
3(1 − ߤ)
2ܽଶ
∂ଶݒ
∂ݔଶ 
      + 12ܽଶℎଶ
∂ݓ
∂߮ −
3 − ߤ
2ܽଶ
∂ଷݓ
∂ݔଶ ∂߮, 
ܮଷ(ݑ, ݒ, ݓ)  =
12ߤ
ܽℎଶ
∂ݑ
∂ݔ −
∂ଷݑ
ܽ ∂ݔଷ +
1 − ߤ
2ܽଷ
∂ଷݑ
∂ݔ ∂߮ଶ +
12
ܽଶℎଶ
∂ݒ
∂߮ −  
3 − ߤ
2ܽଶ
∂ଷݒ
∂ݔଶ ∂߮ +
12ݓ
ܽଶℎଶ +
∂ସݓ
∂ݔସ  
      + 2 ∂
ସݓ
ܽଶ ∂ݔଶ ∂߮ଶ +
∂ସݓ
ܽସ ∂߮ସ +
ݓ
ܽସ +
2
ܽସ
∂ଶݓ
∂߮ଶ,
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ܥଵ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ =
ℎ
ܦ ቆ
∂ߪ௫௥
∂ݔ
∂ݑ
∂ݔ +
∂ߪఝ௥
ܽଶ ∂߮
∂ݑ
∂߮ + ߪ௫
௥ ∂ଶݑ
∂ݔଶ +
ߪఝ௥
ܽଶ
∂ଶݑ
∂߮ଶቇ, 
ܥଶ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ =
ℎ
ܦ ቆ
∂ߪఝ௥
ܽଶ ∂߮
∂ݒ
∂߮ +
∂ߪ௫௥
∂ݔ
∂ݒ
∂ݔ + ߪఝ
௥ ∂ଶݒ
ܽଶ ∂߮ଶ + ߪ௫
௥ ∂ଶݒ
∂ݔଶ +
∂ߪఝ௥
∂߮
ݓ
ܽଶ +
ߪఝ௥
ܽଶ
∂ݓ
∂߮ቇ, 
ܥଷ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ =
ℎ
ܦ ቆ−
∂ߪఝ௥
∂߮
ݒ
ܽଶ −
ߪఝ௥
ܽଶ
∂ݒ
∂߮ +
∂ߪఝ௥
ܽଶ ∂߮
∂ݓ
∂߮ +
∂ߪ௫௥
∂ݔ
∂ݓ
∂ݔ + ߪ௫
௥ ∂ଶݓ
∂ݔଶ + ߪఝ
௥ ∂ଶݓ
ܽଶ ∂߮ଶቇ. 
ܥଵ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯, ܥଶ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ and ܥଷ൫ݑ, ݒ, ݓ, ߪ௫௥, ߪఝ௥൯ are called as coupling terms of 
weld residual stress and vibration displacement, and denoted by ܥଵ, ܥଶ and ܥଷ for simplification 
in the following. Weld residual stress is the function of the coordinates ݔ and ߮, so its partial 
derivative of spatial coordinates can't be ignored. Compared with classic motion equations of the 
cylindrical shell without weld residual stress, Eq. (13) includes coupling terms.  
3. Analytical solution 
The displacement of the cylindrical shell with simply supported edges can be represented by 
double trigonometric series as follow [10]: 
ە
ۖۖ
ۖ
۔
ۖۖ
ۖ
ۓݑ = ෍ ෍ ܷఎచcos(߫߮)cos(ߟߣݔ)sin(߱ݐ),
ே
చୀଵ
ெ
ఎୀଵ
ݒ = ෍ ෍ ఎܸచsin(߫߮)sin(ߟߣݔ)sin(߱ݐ)
ே
చୀଵ
ெ
ఎୀଵ
,
ݓ = ෍ ෍ ఎܹచcos(߫߮)sin(ߟߣݔ)sin(߱ݐ),
ே
చୀଵ
ெ
ఎୀଵ
 (14)
where ߟ = ߨ ݈⁄ , ݈ is the length of the cylindrical shell, ߱ is the frequency, ݐ is the time. 
Substituting Eq. (14) into Eq. (13), we can obtain the following equations by making use of 
the orthogonality of trigonometric series: 
ቈ− 12ℎଶ (݉ߣ)
ଶ − 6(1 − ߤ)ܽଶℎଶ ݊
ଶ − 1 − ߤ2ܽସ ݊
ଶ቉ ܷ௡௠ +
6(1 + ߤ)
ܽℎଶ ݊݉ߣ ௡ܸ௠
      + ൤12ߤܽℎଶ ݉ߣ +
(݉ߣ)ଷ
ܽ −
1 − ߤ
2ܽଷ ݉ߣ݊
ଶ቉ ௡ܹ௠ + ܭଵ +
ߩℎ߱ଶ
ܦ ܷ௡௠ = 0,
(15)
6(1 + ߤ)
ܽℎଶ ݊݉ߣܷ௡௠ − ቈ
12݊ଶ
ܽଶℎଶ +
6(1 − ߤ)
ℎଶ (݉ߣ)
ଶ + 3(1 − ߤ)2ܽଶ (݉ߣ)
ଶ቉ ௡ܸ௠
      − ൤ 12݊ܽଶℎଶ +
3 − ߤ
2ܽଶ (݉ߣ)
ଶ݊൨ ௡ܹ௠ + ܭଶ +
ߩℎ߱ଶ
ܦ ௡ܸ௠ = 0,
(16)
ቈ12ߤܽℎଶ ݉ߣ +
(݉ߣ)ଷ
ܽ −
1 − ߤ
2ܽଷ ݉ߣ݊
ଶ቉ ܷ௡௠ − ൤
12݊
ܽଶℎଶ +
3 − ߤ
2ܽଶ (݉ߣ)
ଶ݊൨ ௡ܸ௠
      − ൥ 12ܽଶℎଶ + ቆ݉
ଶߣଶ + ݊
ଶ
ܽଶቇ
ଶ
+ 1ܽସ − 2
݊ଶ
ܽସ൩ ௡ܹ௠ + ܭଷ +
ߩℎ߱ଶ
ܦ ௡ܹ௠ = 0,
(17)
where: 
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ܭଵ = න න ܥଵcos(݊߮)cos(݉ߣݔ)݀ݔ݀߮
௟
଴
ଶగ
଴
, ܭଶ = න න ܥଶsin(݊߮)sin(݉ߣݔ)݀ݔ݀߮
௟
଴
ଶగ
଴
, 
ܭଷ = න න ܥଷsin(݊߮)sin(݉ߣݔ)݀ݔ݀߮
௟
଴
ଶగ
଴
. 
When there is a girth weld on the cylindrical shell, the distribution of weld residual stress can 
be approximately considered to be axisymmetric due to the geometrical axisymmetry. In addition, 
tensile and compressive residual stress maintain equilibrium in the shell. So weld residual stress 
is suitable for expressing in the form of single triangular series: 
ە
ۖ
۔
ۖ
ۓߪ௫௥ = ෍ ߪ௚௥௫cos(݃ߣݔ),
ெ
௚ୀଵ
ߪఝ௥ = ෍ ߪ௚௥ఝcos(݃ߣݔ)
ெ
௚ୀଵ
,
 (18)
where ߪ௚௥௫ = ଶ௟ ׬ ߪ௫௥cos(݃ߣݔ)݀ݔ
௟
଴ , ߪ௚௥ఝ =
ଶ
௟ ׬ ߪఝ௥cos(݃ߣݔ)݀ݔ
௟
଴ , ߪ௚௥௫  and ߪ௚௥ఝ  are amplitudes of 
weld residual stress, ݃ is the positive integer not less than one.  
Substitute Eq. (18) into ܭ1, ܭ2 and ܭ3, then ܯ×ܰ equations are established by making use 
of Appendix Eqs. (A1)-(A4) and (A10)-(A13), which are expressed as matrix form: 
(઩ + ܀)܆ = ૙, (19)
where ܆ = ൛܃ଵ ⋯ ܃(௠ିଵ)×ேା௡ ⋯ ܃ெ×ேൟ் , ܃(௠ିଵ)×ேା௡ = ሼܷ௠௡ ௠ܸ௡ ௠ܹ௡ሽ் , ܀ = ∑ ܀௚௚ீୀଵ , 
܀௚ and ઩ are clearly shown in Appendix Eqs. (A18) and (A19). 
If weld residual stress is not axisymmetric, it will be suitable for expressing in the form of 
double triangular series: 
ە
ۖۖ
۔
ۖۖ
ۓߪ௫௥ = ෍ ෍ ߪ௚௝௥௫cos(݃ߣݔ)cos(݆߮),
௃
௝ୀଵ
ீ
௚ୀଵ
ߪఝ௥ = ෍ ෍ ߪ௚௝௥ఝcos(݃ߣݔ)cos(݆߮)
௃
௝ୀଵ
ீ
௚ୀଵ
,
 (20)
where ߪ௚௝௥௫ = ଶగ௟ ׬ ׬ ߪ௫௥cos(݃ߣݔ)cos(݆߮)݀ݔ݀߮,
ଶగ
଴
௟
଴  ߪ௚௝௥ఝ =
ଶ
గ௟ ׬ ׬ ߪఝ௥cos(݃ߣݔ)cos(݆߮)݀ݔ݀߮,
ଶగ
଴
௟
଴  
ߪ௚௥௫ and ߪ௚௥ఝ are amplitudes of weld residual stress, ݃ and ݆ are positive integers not less than one.  
Substitute Eq. (20) into ܭ1, ܭ2 and ܭ3, then ܯ×ܰ equations by making use of Appendix 
Eqs. (A1)-(A17) similarly, which are expressed as matrix form: 
(઩ + ܀)܆ = ૙, (21)
where: 
܆ = ൛܃ଵ ⋯  ܃(௠ିଵ)×ேା௡ ⋯ ܃ெ×ேൟ், ܃(௠ିଵ)×ேା௡ = ሼܷ௠௡ ௠ܸ௡ ௠ܹ௡ሽ்,
܀ = ෍ ෍ ܀௚௝
௃
௝ୀଵ
ீ
௚ୀଵ
, 
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܀௚௝ and ઩ are clearly shown in Appendix Eqs. (A18) and (A20).  
Eqs. (19) and (21) are linear systems of equations, the determinant of equation coefficient is 
set equal to zero, namely: 
|઩ + ܀| = 0. (22)
The eigenvalue and eigenvector can be obtained by solving Eq. (22). The existence of ܀ 
definitely leads to the variation of free vibrational behavior.  
4. Discussion 
4.1. Natural frequency 
Take the two edges simply supported cylindrical shell with weld residual stress for example, 
which geometry and material parameters are shown in Table 1. 
There is a girth weld on the cylindrical shell. Assume that the distributions of weld residual 
stress at every ߮ section are identical, which are shown in Fig. 5. 
Table 1. Cylindrical shell geometry and material parameters 
Geometry parameter Value Unit Material parameter Value Unit 
Length 5 m Young’s modulus 2.1×1011 N/m2 
Width 0.5 m Poisson’s ratio 0.3  
Thickness 0.014 m Density 7860 kg/m3 
 
Fig. 5. Weld residual stress distribution No. 1 
Firstly, discuss the effect of weld residual stress amplitude on the natural frequency. On the 
premise of maintaining the distribution (shown in Fig. 6), its amplitude is respectively equal to 
100 %, 75 % and 50 %. The first ten natural frequencies under different amplitude solved by the 
analytical method are shown in Table 2. 
Difference of natural frequency under every weld residual stress amplitude is shown in Fig. 6. 
It can be found that the amplitude of weld residual stress has a great impact on natural frequency, 
especially variation rate of the first order is up to 6.78 %. With increase of the amplitude, the 
variation magnitude of natural frequencies grows, but the variation trend basically remains the 
same. Nowadays high strength steel is widely used as submarine pressure hull. It has the high 
yield limit, so its amplitude of weld residual stress is higher than general structural steel. 
Consequently, weld residual stress has the greater impact on natural frequency. 
Next the effect of weld residual stress distribution on natural frequencies will be discussed. 
Two kinds of weld residual stress distribution which have the same amplitude are shown in Figs. 5 
and 7. 
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Table 2. The first ten natural frequencies under different weld residual stress amplitude 
Order 
Without weld 
residual stress 
(Hz) 
With weld residual stress 
100 % 
(Hz) 
Difference 
(%) 
75 % 
(Hz) 
Difference 
(%) 
50 % 
(Hz) 
Difference 
(%) 
1 52.07 48.55 –6.78 49.46 –5.01 50.36 –3.30 
2 101.86 101.91 0.05 101.90 0.04 101.88 0.03 
3 108.25 102.31 –5.48 103.98 –3.94 105.53 –2.51 
4 128.24 131.21 2.32 130.49 1.75 129.75 1.18 
5 137.15 138.02 0.63 137.81 0.48 137.59 0.32 
6 181.54 180.93 –0.34 181.01 –0.29 181.13 –0.22 
7 204.32 196.12 –4.01 198.67 –2.76 200.92 –1.66 
8 211.28 214.66 1.60 213.88 1.23 213.06 0.84 
9 229.78 230.27 0.21 229.81 0.01 229.54 –0.10 
10 263.02 262.96 –0.02 262.98 –0.02 262.99 –0.01 
 
Fig. 6. The impact of weld residual stress amplitude on the natural frequency 
 
Fig. 7. Weld residual stress distribution No. 2 
The first ten natural frequencies under different amplitude solved by the analytical method are 
shown in Table 3. 
Difference of natural frequency under every kind of weld residual stress distribution is shown 
in Fig. 8. It can be found that different kind of weld residual stress distribution has different impact 
on natural frequencies. For example, distribution No. 1 makes the first-order natural frequency 
decrease, whereas distribution No. 2 makes it increase. Thus, the distribution of weld residual 
stress plays an important role in the variation trend of natural frequencies. 
1895. THE EFFECT OF WELD RESIDUAL STRESS ON THE FREE VIBRATIONAL CHARACTERISTICS OF CYLINDRICAL SHELL THROUGH THE 
ANALYTICAL METHOD. YONG LIU, LUYUN CHEN 
344 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. FEB 2016, VOL. 18, ISSUE 1. ISSN 1392-8716  
Table 3. The impact of weld residual stress distribution on natural frequencies 
Order Without weld residual stress (Hz) 
With weld residual stress 
No. 1 (Hz) Difference (%) No. 2 (Hz) Difference (%) 
1 52.07 48.55 –6.78 55.26 6.12 
2 101.86 101.91 0.05 101.80 –0.05 
3 108.25 102.31 –5.48 112.27 3.72 
4 128.24 131.21 2.32 125.07 –2.47 
5 137.15 138.02 0.63 136.27 –0.64 
6 181.54 180.93 –0.34 182.99 0.80 
7 204.32 196.12 –4.01 206.28 0.96 
8 211.28 214.66 1.60 207.26 –1.90 
9 229.78 230.27 0.21 233.74 1.72 
10 263.02 262.96 –0.02 263.04 0.01 
 
Fig. 8. The effect of weld residual stress distribution on natural frequencies 
4.2. Mode shape 
This section will focus on the impact of weld residual stress on the mode shape. The 
distribution of weld residual stress ߪ௫௥ and ߪఝ௥  are shown in Fig. 5. Firstly, discuss the effect of 
weld residual stress amplitude on the mode shape. On the premise of maintaining the distribution 
(shown in Fig. 6), the amplitude is respectively equal to 100 % and 75 %. The typical profiles of 
several order mode shapes are shown in Fig. 9. 
a) The first order mode shape 
 
b) The third order mode shape 
Fig. 9. Mode shapes of cylindrical shell with different weld residual stress amplitude at ߮ = 0 
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It can be found the mode shape of cylindrical shell without weld residual stress is single 
triangular function, and the mode shape with weld residual stress is the sum of several triangular 
functions. With the increase of amplitude, the variation of mode shape grows. So the amplitude 
mainly effects the variation range of mode shape. 
Next the effect of weld residual stress distribution on the mode shape will be investigated. Two 
kinds of weld residual stress distribution which have the same amplitude are shown in Fig. 5 and 
Fig. 7. The typical profiles of several order mode shapes are shown in Fig. 10. 
It can be found that different kind of weld residual stress distribution has different impact on 
the shape mode. Distribution No. 1 makes the middle of the mode shape sharper, whereas 
distribution No. 2 makes it smoother. So the distribution mainly has the influence on the variation 
trend of mode shape. 
 
a) The first order mode shape 
 
b) The third order mode shape 
Fig. 10. Mode shapes of cylindrical shell with different kind of weld residual stress distribution at ߮ = 0 
5. Conclusions 
The interaction between weld residual stress and displacements is investigated and derived 
here, and motion equations of cylindrical shell with weld residual stress are established based on 
Flügge theory. The analytical method is applied to calculate the vibrational mode. Weld residual 
stress can lead to the variation of free vibrational behavior. The amplitude has an important effect 
on the variation magnitude of natural frequency and mode shape, and the distribution does on the 
variation trend. So the effect of weld residual stress on vibrational characteristics of cylindrical 
shell can’t be neglected. 
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Appendix 
න sin(݃ߣݔ)
௟
଴
sin(ߟߣݔ)cos(݉ߣݔ)݀ݔ
      = 12 න ሼcosሾ(ߟ − ݃)ߣݔሿ − cosሾ(ߟ + ݃)ߣݔሿሽ
௟
଴
cos(݉ߣݔ)݀ݔ 
      = 12 න cosሾ(ߟ − ݃)ߣݔሿcos(݉ߣݔ)
௟
଴
݀ݔ − 12 න cosሾ(ߟ + ݃)ߣݔሿ
௟
଴
cos(݉ߣݔ)݀ݔ,
(A1)
න cos(݃ߣݔ)
௟
଴
cos(ߟߣݔ)cos(݉ߣݔ)݀ݔ 
      = 12 න ሼcosሾ(ߟ + ݃)ߣݔሿ + cosሾ(ߟ − ݃)ߣݔሿሽ
௟
଴
cos(݉ߣݔ)݀ݔ 
      = 12 න cosሾ(ߟ + ݃)ߣݔሿcos(݉ߣݔ)
௟
଴
݀ݔ + 12 න cosሾ(ߟ − ݃)ߣݔሿ
௟
଴
cos(݉ߣݔ)݀ݔ, 
(A2)
න cos(݃ߣݔ)
௟
଴
sin(ߟߣݔ)sin(݉ߣݔ)݀ݔ 
      = න 12 ሼsinሾ(ߟ + ݃)ߣݔሿ + sinሾ(ߟ − ݃)ߣݔሿሽ
௟
଴
sin(݉ߣݔ)݀ݔ 
      = න 12 sinሾ(ߟ + ݃)ߣݔሿsin(݉ߣݔ)
௟
଴
݀ݔ + න 12 sinሾ(ߟ − ݃)ߣݔሿ
௟
଴
sin(݉ߣݔ)݀ݔ, 
(A3)
න sin(݃ߣݔ)
௟
଴
cos(ߟߣݔ)sin(݉ߣݔ)݀ݔ 
      = 12 න ሼsinሾ(ߟ + ݃)ߣݔሿ − sinሾ(ߟ − ݃)ߣݔሿሽ
௟
଴
sin(݉ߣݔ)݀ݔ 
      = 12 න sinሾ(ߟ + ݃)ߣݔሿsin(݉ߣݔ)
௟
଴
݀ݔ − 12 න sinሾ(ߟ − ݃)ߣݔሿ
௟
଴
sin(݉ߣݔ)݀ݔ, 
(A4)
න cos(݆߮)
ଶగ
଴
cos(߫߮)cos(ߟ߮)݀߮ = 12 න ሼcosሾ(߫ + ݆)߮ሿ + cosሾ(߫ − ݆)߮ሿሽ
ଶగ
଴
cos(݊߮)݀߮ 
      = 12 න cosሾ(߫ + ݆)߮ሿcos(݊߮)
ଶగ
଴
݀߮ + 12 න cosሾ(߫ − ݆)߮ሿ
ଶగ
଴
cos(݊߮)݀߮, 
(A5)
න sin(݆߮)
ଶగ
଴
cos(߫߮)sin(݊߮)݀߮ = 12 න ሼsinሾ(߫ + ݆)߮ሿ − sinሾ(߫ − ݆)߮ሿሽ
ଶగ
଴
sin(݊߮)݀߮ 
      = 12 න sinሾ(߫ + ݆)߮ሿsin(݊߮)
ଶగ
଴
݀߮ − 12 න sinሾ(߫ − ݆)߮ሿ
ଶగ
଴
sin(݊߮)݀߮, 
(A6)
න sin(݆߮)
ଶగ
଴
cos(߫߮)sin(݊߮)݀߮ = 12 න ሼsinሾ(߫ + ݆)߮ሿ − sinሾ(߫ − ݆)߮ሿሽ
ଶగ
଴
sin(݊߮)݀߮ 
      = 12 න sinሾ(߫ + ݆)߮ሿsin(݊߮)
ଶగ
଴
݀߮ − 12 න sinሾ(߫ − ݆)߮ሿ
ଶగ
଴
sin(݊߮)݀߮, 
(A7)
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න sin(݆߮)sin(߫߮)cos(݊߮)݀߮
ଶగ
଴
= 12 න ሼcosሾ(߫ + ݆)߮ሿ − cosሾ(߫ − ݆)߮ሿሽ
ଶగ
଴
cos(݊߮)݀߮ 
      = 12 න cosሾ(߫ + ݆)߮ሿcos(݊߮)
ଶగ
଴
݀߮ − 12 න cosሾ(߫ − ݆)߮ሿ
ଶగ
଴
cos(݊߮)݀߮, 
(A8)
න cos(݆߮)
ଶగ
଴
sin(߫߮)sin(݊߮)݀߮ = න 12 ሼsinሾ(߫ + ݆)߮ሿ + sinሾ(߫ − ݆)߮ሿሽ
ଶగ
଴
sin(݊߮)݀߮ 
      = 12 න sinሾ(߫ + ݆)߮ሿsin(݊߮)
ଶగ
଴
݀߮ + 12 න sinሾ(߫ − ݆)߮ሿ
ଶగ
଴
sin(݊߮)݀߮, 
(A9)
1
2 න sinሾ(ߟ − ݃)ߣݔሿsin(݉ߣݔ)
௟
଴
݀ݔ = ൜݈ 4,⁄ ݉ + ݃ = ߟ,0, ݉ + ݃ ≠ ߟ, (A10)
1
2 න sinሾ(ߟ + ݃)ߣݔሿsin(݉ߣݔ)
௟
଴
݀ݔ = ቐ
݈ 4,⁄ ݉ − ݃ = ߟ,
−݈/4, ݉ − ݃ = −ߟ,
0, |݉ − ݃| ≠ ߟ,
 (A11)
1
2 න cosሾ(ߟ − ݃)ߣݔሿcos(݉ߣݔ)
௟
଴
݀ݔ = ൜݈ 4,⁄ ݉ + ݃ = ߟ,0, ݉ + ݃ ≠ ߟ, (A12)
1
2 න cosሾ(ߟ + ݃)ߣݔሿcos(݉ߣݔ)
௟
଴
݀ݔ = ൜݈ 4,⁄ |݉ − ݃| = ߟ,0, |݉ − ݃| ≠ ߟ, (A13)
න sinሾ(߫ − ݆)߮ሿsin(݊߮)
ଶగ
଴
݀߮ = ൜ߨ, ݊ + ݆ = ߫,0, ݊ + ݆ ≠ ߫, (A14)
න sinሾ(߫ + ݆)߮ሿsin(݊߮)
ଶగ
଴
݀߮ = ൝
ߨ, ݊ − ݆ = ߫,
−ߨ, ݊ − ݆ = −߫,
0, |݊ − ݆| ≠ ߫,
 (A15)
න cosሾ(߫ + ݆)߮ሿcos(݊߮)
ଶగ
଴
݀߮ = ൜ߨ, |݊ − ݆| = ߫,0, |݊ − ݆| ≠ ߫, (A16)
න cosሾ(߫ − ݆)߮ሿcos(݊߮)
ଶగ
଴
݀߮ = ൜ߨ, ݊ + ݆ = ߫,0, ݊ + ݆ ≠ ߫, (A17)
઩ =
ۏ
ێ
ێ
ێ
ۍۯଵ ⋱
ۯ(௠ିଵ)×ேା௡
⋱
ۯெ×ேے
ۑ
ۑ
ۑ
ې
, (A18)
where: 
ۯ௠௡ = ൥
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ
൩,
ܽଵଵ = −
12ߚଶ
ℎଶ −
6(1 − ߤ)݊ଶ
ܽଶℎଶ −
1 − ߤ
2ܽସ ݊
ଶ + ߩℎ߱
ଶ
ܦ ,   ܽଵଶ =
6(1 + ߤ)
ܽℎଶ ݊ߚ, 
ܽଵଷ =
12ߤߚ
ܽℎଶ +
ߚଷ
ܽ −
1 − ߤ
2ܽଷ ߚ݊
ଶ, ܽଶଵ = ܽଵଶ,
 
ܽଶଶ = −
12݊ଶ
ܽଶℎଶ −
6(1 − ߤ)
ℎଶ ߚ
ଶ − 3(1 − ߤ)2ܽଶ ߚ
ଶ + ߩℎ߱
ଶ
ܦ ,
ܽଶଷ = −
12݊
ܽଶℎଶ −
3 − ߤ
2ܽଶ ߚ
ଶ݊,   ܽଷଵ = ܽଵଷ,   ܽଷଶ = ܽଶଷ, 
ܽଷଷ = −
12
ܽଶℎଶ − ቆߚ
ଶ + ݊
ଶ
ܽଶቇ
ଶ
− 1ܽସ + 2
݊ଶ
ܽସ +
ߩℎ߱ଶ
ܦ , ߚ = ݉ߣ. 
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܀௚ = ቎
܀ଵଵ௚ ⋯ ܀ଵ௤௚
⋮ ⋮
܀௣ଵ௚ ⋯ ܀௣௤௚
቏, (A19)
where ܀௣௤௚ = ௛ଶ஽ ቎
ܴଵଵ௣௤ 0 0
0 ܴଶଶ௣௤ ܴଶଷ௣௤
0 ܴଷଶ௣௤ ܴଷଷ௣௤
቏, nonzero elements are: 
When ݌ = ݉, ݍ = ݉ − ݃, and ݉ − ݃ > 0: 
ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௥௫ −
݊ଶ
ܽଶ ߪ௚
௥ఝ, ܴଶଶ௣௤ = ܴଷଷ௣௤ = −ܴଵଵ௣௤, ܴଶଷ௣௤ =
݊
ܽଶ ߪ௚
௥ఝ, ܴଷଶ௣௤ = ܴଶଷ௣௤. 
When ݌ = ݉, ݍ = |݉ − ݃|, and ݉ − ݃ < 0: 
ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௥௫ −
݊ଶ
ܽଶ ߪ௚
௥ఝ, ܴଶଶ௣௤ = ܴଷଷ௣௤ = ܴଵଵ௣௤, ܴଶଷ௣௤ = −
݊
ܽଶ ߪ௚
௥ఝ, ܴଷଶ௣௤ =
݊
ܽଶ ߪ௚
௥ఝ. 
When ݌ = ݉, ݍ = ݉ + ݃: 
ܴଵଵ௣௤ = −(݉ + ݃)݉ߣଶߪ௚௥௫ −
݊ଶ
ܽଶ ߪ௚
௥ఝ, ܴଶଶ௣௤ = ܴଷଷ௣௤ = ܴଵଵ௣௤, ܴଶଷ௣௤ = −
݊
ܽଶ ߪ௚
௥ఝ, ܴଷଶ௣௤ = ܴଶଷ௣௤. 
 
܀௚௝ = ൦
܀ଵଵ௚௝ ⋯ ܀ଵ௤௚௝
⋮ ⋮
܀௣ଵ௚௝ ⋯ ܀௣௤௚௝
൪, (A20)
where ܀௣௤௚௝ = ௛ସ஽ ቎
ܴଵଵ௣௤ 0 0
0 ܴଶଶ௣௤ ܴଶଷ௣௤
0 ܴଷଶ௣௤ ܴଷଷ௣௤
቏, nonzero elements are: 
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = (݉ − ݃) × ܰ + (݊ − ݆ + 1), ݉ − ݃ > 0 and ݊ − ݆ > 0:  
ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௝௥௫ −
(݊ − ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = ܴଵଵ௣௤, ܴଶଷ௣௤ = −
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = ܴଶଷ௣௤,   ܴଷଷ௣௤ = ܴଵଵ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = (݉ − ݃) × ܰ + |݊ − ݆|, ݉ − ݃ > 0 and ݊ − ݆ < 0: 
ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௝௥௫ −
(݊ − ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = −ܴଵଵ௣௤, ܴଶଷ௣௤ =
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = −ܴଶଷ௣௤,   ܴଷଷ௣௤ = ܴଵଵ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = |݉ − ݃| × ܰ + (݊ − ݆ + 1), ݉ − ݃ < 0 and ݊ − ݆ > 0: 
ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௝௥௫ −
(݊ − ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = −ܴଵଵ௣௤, ܴଶଷ௣௤ =
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = ܴଶଷ௣௤,   ܴଷଷ௣௤ = −ܴଵଵ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = |݉ − ݃| × ܰ + (|݊ − ݆| + 1), ݉ − ݃ < 0 and ݊ − ݆ < 0: 
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ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௝௥௫ −
(݊ − ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = ܴଵଵ௣௤, ܴଶଷ௣௤ = −
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = −ܴଶଷ௣௤,   ܴଷଷ௣௤ = −ܴଵଵ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = (݉ + ݃) × ܰ + ݊ − ݆, ݊ − ݆ > 0: 
ܴଵଵ௣௤ = −(݉ + ݃)݉ߣଶߪ௚௝௥௫ −
(݊ − ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = ܴଵଵ௣௤, ܴଶଷ௣௤ = −
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = ܴଶଷ௣௤,   ܴଷଷ௣௤ = ܴଵଵ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = ݉ + ݃ × ܰ + |݊ − ݆|, ݊ − ݆ < 0: 
ܴଵଵ௣௤ = −(݉ + ݃)݉ߣଶߪ௚௝௥௫ −
(݊ − ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = −ܴଵଵ௣௤, ܴଶଷ௣௤ =
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = −ܴଶଷ௣௤,   ܴଷଷ௣௤ = ܴଵଵ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = (݉ − ݃) × ܰ + ݊ + ݆, ݉ − ݃ > 0: 
ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௝௥௫ −
(݊ + ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = ܴଵଵ௣௤, ܴଶଷ௣௤ = −
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଷ௣௤ = ܴଵଵ௣௤,   ܴଷଶ௣௤ = ܴଶଷ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = |݉ − ݃| × ܰ + ݊ + ݆, ݉ − ݃ < 0: 
ܴଵଵ௣௤ = −(݉ − ݃)݉ߣଶߪ௚௝௥௫ −
(݊ + ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = −ܴଵଵ௣௤, ܴଶଷ௣௤ =
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = ܴଶଷ௣௤,   ܴଷଷ௣௤ = −ܴଵଵ௣௤.
When ݌ = (݉ − 1) × ܰ + ݊, ݍ = (݉ + ݃) × ܰ + ݊ + ݆: 
ܴଵଵ௣௤ = −(݉ + ݃)݉ߣଶߪ௚௝௥௫ −
(݊ + ݆)݊
ܽଶ ߪ௚௝
௥ఝ, ܴଶଶ௣௤ = ܴଵଵ௣௤, ܴଶଷ௣௤ = −
݊
ܽଶ ߪ௚௝
௥ఝ,
ܴଷଶ௣௤ = ܴଶଷ௣௤,   ܴଷଷ௣௤ = ܴଵଵ௣௤.
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